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Abstract— Normality of a Boolean function is an important
cryptographic property. It gives information about the 
structure of a Boolean function. If an ܖ-variable Boolean 
function is normal then it is constant on a ܖ/૛-dimensional 
affine subspace. Although almost all Boolean functions are 
non-normal but very few examples are known. In this paper, 
we proposed a secondary construction of non-weakly ሺܓ ൅ ૛ሻ- 
normal Boolean function on ሺܖ ൅ ૝ሻ  variables from two 
non-weakly ܓ-normal Boolean functions on ܖ variables.  
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INTRODUCTION 

Boolean functions play a significant role in Cryptography. 
They are the main building blocks for the design of various 
ciphers. Boolean functions which are to be used in ciphers 
must possess high non-linearity. Bent functions belong to 
the family of Boolean functions which possess maximum 
non-linearity, but they cannot be used directly in a 
cryptosystem as they are not balanced. The notion of 
normality was first introduced by Dobbertin [5] to construct 
highly non-linear balanced Boolean functions. Since 
Dobbertin’s work is mainly concerned with the 
construction of Bent functions, normality was first 
introduced with the even number of variables. Later on, the 
notion of normality was extended to odd variables by 
Charpin [8]. In the same paper the notion of k-normality 
was introduced. Several results on non-normal and 
k -normal Boolean functions have been found in the 
literature [1], [2], [6], [7], [10].  

Dobbertin [5] by using counting principle proved that 
although almost all Boolean functions are non-normal but 
very few examples are known. We have extended the result 
presented in [10]. We prove our result by using the 
technique as given in [10], [2]. 

PRELIMINARIES 

A Boolean function is a function from ॲଶ
୬ to	ॲଶ, where ॲଶ 

denotes the finite field of characteristic 2. The set of all n- 
variable Boolean functions is denoted by ࣜ୬. The support 
of f ∈ ࣜ୬ is defined by the set 

Suppሺfሻ ൌ ሼx ∈ ॲଶ
୬|fሺxሻ ് 0ሽ 

and the weight of f denoted by wtሺfሻ ൌ |Suppሺfሻ|. The 
Hamming distance between two Boolean functions 
f, g ∈ ࣜ୬ is defined by the number of positions in which 
the functions differ and is denoted by dሺf, gሻ.  

Let f: ॲଶ
୬ → ॲଶ be a Boolean function in n variables. The 

Walsh transform of f is defined by  

f୵ሺλሻ ൌ Σ୶∈ॲమ౤ሺെ1ሻ
୤ሺ୶ሻା஛.୶ 

Non-linearity of a Boolean function f ∈ ࣜ୬ is defined as 
minimum Hamming distance of f from set of all affine 
functions and is denoted by nlሺfሻ. 
Non-linearity can also be calculated from Walsh transform 
by  

nlሺfሻ ൌ 2୬ିଵ െ
1
2
max஛∈ॲమ౤|f

୵ሺλሻ| 

The family of Boolean functions with maximum 
non-linearity is called Bent functions. They exists only for 
even n.  

  A Boolean function f ∈ ࣜ୬ is called normal or weakly 
normal, if restriction of f to a ڿn/2ۀ-dimensional flat is 
constant or affine respectively.  

A Boolean function f ∈ ࣜ୬  is said to be k-normal or 
weakly k-normal, if there exists a flat U of dimension k 
such that f is constant or affine on U respectively.  

MAIN  RESULT 

In this section we have proved our main result: 

Theorem 1  :  Let fଵ, fଶ: ॲଶ
୬ → ॲଶ  be two Boolean 

functions on n  variables. Then fଵ  or fଶ  is weakly 
k-normal if and only if the function  

gሺx, yଵ, yଶ, yଷ, yସሻ: ॲଶ
୬ ൈ ॲଶ

ସ → ॲଶ, 
where 

ॲଶ
ସ ൌ ॲଶ ൈ ॲଶ ൈ ॲଶ ൈ ॲଶ, 

defined by 

gሺx, yଵ, yଶ, yଷ, yସሻ ൌ fଵሺxሻ ൅ yଵyଶ ൅ yଵyଷ ൅ yଵyସ ൅ yଶyଷ ൅
yଶyସ ൅ yଷyସ ൅ ሺyଵ ൅ yଶ ൅ yଷ ൅ yସሻሺfଵሺxሻ ൅ fଶሺxሻሻ  

 is weakly ሺk ൅ 2ሻ-normal.  
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Proof: In order to prove our result first we assume g is 
weakly ሺk ൅ 2ሻ -normal. Then there exists a ሺk ൅
2ሻ -dimensional flat H , ζ ∈ ॲଶ

୬  and α, β, γ, δ ∈ ॲଶ  such 
that  
hሺx, yଵ, yଶ, yଷ, yସሻ ൌ gሺx, yଵ, yଶ, yଷ, yସሻ ൅ αyଵ ൅ βyଶ ൅
γyଷ ൅ δyସ ൅ 〈ζ, x〉  
 
takes the same value, ݁, on H. We claim that either fଵሺxሻ 
or fଶሺxሻ  is weakly k -normal. For a, b, c, d ∈ ॲଶ , we 
define  
 

Hୟୠୡୢ ൌ ሼx ∈ ॲଶ
୬|ሺx, a, b, c, dሻ ∈ Hሽ. 

 
 Now there exists an element u ∈ ॲଶ

୬ ൈ ॲଶ
ସ and a ሺk ൅ 2ሻ- 

dimensional subspace Hଵ  of ॲଶ
୬ ൈ ॲଶ

ସ  (Since H  is a 
ሺk ൅ 2ሻ- dimensional flat) such that H ൌ u ൅ Hଵ.  
 
We define a map  

φ: ॲଶ
୬ ൈ ॲଶ

ସ → ॲଶ
୬ 

defined by  
 φሺx, a, b, c, dሻ ൌ x for all ሺx, a, b, c, dሻ ∈ ॲଶ

୬ ൈ ॲଶ
ସ.  

 
Clearly  
 Hୟୠୡୢ ൌ φሺॲଶ

୬ ൈ ሼaሽ ൈ ሼbሽ ൈ ሼcሽ ൈ ሼdሽሻ ∩ Hሻ.  
 
Suppose ሺॲଶ

୬ ൈ ሼaሽ ൈ ሼbሽ ൈ ሼcሽ ൈ ሼdሽሻ ∩ H ് ϕ  and let 
ሺx, a, b, c, dሻ, ሺy, a, b, c, dሻ ∈ ሺॲଶ

୬ ൈ ሼaሽ ൈ ሼbሽ ൈ ሼcሽ ൈ ሼdሽሻ ∩
H.  
since H ൌ u ൅ Hଵ, 
 ሺx, a, b, c, dሻ െ ሺy, a, b, c, dሻ ൌ ሺx െ y, 0,0,0,0ሻ ∈ ሺॲଶ

୬ ൈ
ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵሻ. 
 
Again if ሺx, a, b, c, dሻ ∈ ሺॲଶ

୬ ൈ ሼaሽ ൈ ሼbሽ ൈ ሼcሽ ൈ ሼdሽሻ ∩ H 
and ሺz, 0,0,0,0ሻ ∈ ሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵ then  
ሺx, a, b, c, dሻ ൅ ሺz, 0,0,0,0ሻ ൌ ሺx ൅ z, a, b, c, dሻ ∈ ሺॲଶ

୬ ൈ
ሼaሽ ൈ ሼbሽ ൈ ሼcሽ ൈ ሼdሽሻ ∩ H. 
Therefore ሺॲଶ

୬ ൈ ሼaሽ ൈ ሼbሽ ൈ ሼcሽ ൈ ሼdሽሻ ∩ H  is a flat of 
subspace ሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵ  for 
any	a, b, c, d ∈ ॲଶ.  
Hence, all the non-empty Hୟୠୡୢᇲs are flats of the same 
subspace φሺሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵሻ  and 
therefore have the same dimension.  
 
Let ψ: ॲଶ

୬ ൈ ॲଶ
ସ → ॲଶ

ସ be a map defined by 
 

ψሺx, a, b, c, dሻ ൌ ሺa, b, c, dሻ, 
then ሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵ  is the kernel of 
ψ restricted to Hଵ. Thus  
 
dimሺሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵሻ ൌ ሺk ൅ 2ሻ െ
dimሺψሺHଵሻሻ   
 
The dim൫ψሺHଵሻ൯ ∈ ሼ0,1,2,3,4ሽ . Because φ  is restricted 
to ሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ is bijective.  
 
 
dimሺφሺॲଶ

୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵሻሻ ൌ dimሺሺॲଶ
୬ ൈ

ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵሻ  

 
Therefore  

φሺॲଶ
୬ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∩ Hଵሻ 

has dimension either k ൅ 2, k ൅ 1, k, k െ 1, k െ 2.  
 
Suppose x ∈ Hୟୠୡୢ, then  
 
e ൌ hሺx, a, b, c, dሻ ൌ fଵሺxሻ ൅ ab ൅ ac ൅ ad ൅ bc ൅ bd ൅
cd ൅ ሺa ൅ b ൅ c ൅ dሻሺfଵሺxሻ ൅ fଶሺxሻሻ ൅ αa ൅ βb ൅ γc ൅
δd ൅ 〈ζ, x〉  
 i.e.,  
  

fଵሺxሻ ൅ ሺa ൅ b ൅ c ൅ dሻሺfଵሺxሻ ൅ fଶሺxሻሻ

ൌ ൜
fଵሺxሻ, 	if			a ൅ b ൅ c ൅ d ൌ 0	
fଶሺxሻ, 	if			a ൅ b ൅ c ൅ d ൌ 1	 

 
Therefore if Hୟୠୡୢ ് ϕ  then either fଵሺxሻ  or fଶሺxሻ  is 
affine on Hୟୠୡୢ.  
 
We need to check whether one of the flats Hୟୠୡୢ  has 
dimension ൒ k or not. If this is so then we are done. If this 
is not true, then for any a, b, c, d ∈ ॲଶ

୬  the number of 
elements in Hୟୠୡୢ, |Hୟୠୡୢ| ∈ ሼ0, 2୩ିଶሽ. 
Since |Hୟୠୡୢ| ൌ |ሼሺx, a, b, c, dሻ: x ∈ Hሽ|  
 
we have  
 

|H| ൌ Σୢ∈ॲమΣୡ∈ॲమΣୠ∈ॲమΣୟ∈ॲమ|Hୟୠୡୢ| ൌ 2୩ାଶ 
 

This is possible iff |Hୟୠୡୢ| ൌ 2୩ିଶ. Now consider the flats 
H஑ഥஒஓஔ, H஑ஒഥஓஔ , H஑ஒஓഥஔ , H஑ஒஓஔഥ . Since any two flats of a 
subspace are disjoint or identical. We shall show that all 
these four flats are pairwise distinct. Suppose if possible let 
H஑ഥஒஓஔ ൌ H஑ஒഥஓஔ so that for any element ሺx, αഥ, β, γ, δሻ ∈ H 
the element ሺx, α, βത, γ, δሻ ∈ H  where for any ε ∈ ॲଶ , if 
ε ൌ 0  then ̅ߝ ൌ 1	 or vice versa. If we consider two 
elements ሺx, αഥ, β, γ, δሻ and ሺxᇱ, α, β, γ, δሻ in H we obtain 
that,  
 

ሺx, αഥ, β, γ, δሻ ൅ ሺx, α, βത, γ, δሻ ൅ ሺxᇱ, α, β, γ, δሻ
ൌ ሺxᇱ, αഥ, βത, γ, δሻ 

 belongs to H implying that 
 

hሺxᇱ, α, β, γ, δሻ ൌ hሺxᇱ, αഥ, βത, γ, δሻ. 
But, 
 

hሺxᇱ, αഥ, βത, γ, δሻ ൌ hሺxᇱ, α, β, γ, δሻ ൅ 1 
 

which leads to a contradiction that h is constant on H. 
Therefore H஑ഥஒஓஔ		and	H஑ஒഥஓஔ  are distinct parallel flats. 
Similarly we can show that the other flats are also pairwise 
distinct. 
 
Since H஑ഥஒஓஔ , H஑ஒഥஓஔ , H஑ஒஓഥஔ , H஑ஒஓஔഥ  are distinct parallel 
flats of dimension k െ 2, the set  
 

࣢ ൌ H஑ഥஒஓஔ ∪ H஑ஒഥஓஔ ∪ H஑ஒஓഥஔ ∪ H஑ஒஓஔഥ 
is a flat of dimension k.  
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Moreover we deduce that for all x	 ∈ 	H஑ഥஒஓஔ	 
 

e	 ൌ 	hሺx, αഥ, β, γ, δሻ 
i.e. 	fଵሺxሻ ൅	ሺ1	 ൅ 	α	 ൅ 	β	 ൅ 	γ	 ൅ 	δሻ൫fଵሺxሻ ൅	 fଶሺxሻ൯ 
ൌ 	e	 ൅ 	αβ	 ൅ 	αγ	 ൅ 	αδ	 ൅ 	βγ	 ൅ 	βδ	 ൅ 	γδ	 ൅ ,	ζۦ xۧ, 
 
for all 	x	 ∈ H஑ஒഥஓஔ 
 

e ൌ 	h൫x, α, βത, γ, δ൯ 
i.e. 	fଵሺxሻ 	൅	ሺ1	 ൅ 	α	 ൅ 	β	 ൅ 	γ	 ൅ 	δሻ൫fଵሺxሻ ൅	 fଶሺxሻ൯ 
ൌ 	e	 ൅ 	αβ	 ൅ 	αγ	 ൅ 	αδ	 ൅ 	βγ	 ൅ 	βδ	 ൅ 	γδ	 ൅ ,	ζۦ xۧ, 
for all 	x	 ∈ H஑ஒஓഥஔ 
 

e	 ൌ 	hሺx, α, β, γത, δሻ 
i.e. fଵሺxሻ 	൅	ሺ1	 ൅ 	α	 ൅ 	β	 ൅ 	γ	 ൅ 	δሻ൫fଵሺxሻ ൅	 fଶሺxሻ൯ 
ൌ 	e	 ൅ 	αβ	 ൅ 	αγ	 ൅ 	αδ	 ൅ 	βγ	 ൅ 	βδ	 ൅ 	γδ	 ൅ ,	ζۦ xۧ. 

for all 	x	 ∈ Hሺ஑	ஒஓஔሻതതത 
 

e	 ൌ 	h൫x, α, β, γ, δത൯ 
i.e. 	fଵሺxሻ 	൅	ሺ1	 ൅ 	α	 ൅ 	β	 ൅ 	γ	 ൅ 	δሻ൫fଵሺxሻ ൅	 fଶሺxሻ൯ 
ൌ 	e	 ൅ 	αβ	 ൅ 	αγ	 ൅ 	αδ	 ൅ 	βγ	 ൅ 	βδ	 ൅ 	γδ	 ൅ ,	ζۦ xۧ. 

 
 
Therefore when x	 ∈ ࣢ 
 
fଵሺxሻ 	൅	ሺ1	 ൅ 	α	 ൅ 	β	 ൅ 	γ	 ൅ 	δሻ൫fଵሺxሻ ൅	 fଶሺxሻ൯

ൌ 	e	 ൅ 	αβ	 ൅ 	αγ	 ൅ 	αδ	 ൅ 	βγ	 ൅ 	βδ	
൅ 	γδ	 ൅ ,	ζۦ xۧ. 

 
 
If ሺ1	 ൅ 	α	 ൅ 	β	 ൅ 	γ	 ൅ 	δሻ ൌ 1 then fଶሺxሻ  is affine on  
࣢ otherwise fଵሺxሻ is affine on ࣢. Therefore either fଵሺxሻ 
or fଶሺxሻ is weakly k- normal. 
 
Conversely suppose fଵሺxሻ or fଶሺxሻ is weakly k-normal. 
First suppose fଵሺxሻ is weakly normal which implies that 
there exists a k-dimensional flat H  on which fଵሺx) is 
affine. Suppose fଵሺxሻ ൌ 〈ζ, x〉 ൅ e  on H . Consider the 
ሺk ൅ 2ሻ- dimensional flat  
 
Hᇱ ൌ ሺH ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺH ൈ ሼ1ሽ ൈ ሼ1ሽ ൈ
ሼ1ሽ ൈ ሼ1ሽሻ ∪ ሺH ൈ ሼ1ሽ ൈ ሼ1ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺH ൈ ሼ0ሽ ൈ
ሼ0ሽ ൈ ሼ1ሽ ൈ ሼ1ሽሻ.  
 
If H is a flat of the subspace Hଵ then Hᇱ is a flat of the 
subspace  
 
Hଵᇱ ൌ ሺHଵ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺHଵ ൈ ሼ1ሽ ൈ ሼ1ሽ ൈ
ሼ1ሽ ൈ ሼ1ሽሻ ∪ ሺHଵ ൈ ሼ1ሽ ൈ ሼ1ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺHଵ ൈ ሼ0ሽ ൈ
ሼ0ሽ ൈ ሼ1ሽ ൈ ሼ1ሽሻ  
 
It can be checked that  
 

gሺx, 0,0,0,0ሻ ൌ fଵሺxሻ ൌ 〈ζ, x〉 ൅ e 
 and  

gሺx, 1,1,1,1ሻ ൌ fଵሺxሻ ൌ 〈ζ, x〉 ൅ e. 
  

gሺx, 1,1,0,0ሻ ൌ fଵሺxሻ ൅ 1 ൌ 〈ζ, x〉 ൅ e ൅ 1. 

  
gሺx, 0,0,1,1ሻ ൌ fଵሺxሻ ൅ 1 ൌ 〈ζ, x〉 ൅ e ൅ 1. 

 
Therefore  

gሺx, yଵ, yଶ, yଷ, yସሻ ൌ 〈ζ, x〉 ൅ e ൅ yଵ ൅ yଷ 
 
for all ሺx, yଵ, yଶ, yଷ, yସሻ ∈ Hᇱ.  
 
Suppose that fଶሺxሻ is weakly k-normal which implies that 
there exists a k-dimensional flat H  on which fଶሺxሻ  is 
affine. Suppose fଶሺxሻ ൌ 〈ζ, x〉 ൅ e  on H . Consider the 
ሺk ൅ 2ሻ dimensional flat  
 
 Hᇱ ൌ ሺH ൈ ሼ1ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺH ൈ ሼ0ሽ ൈ ሼ1ሽ ൈ
ሼ1ሽ ൈ ሼ1ሽሻ ∪ ሺH ൈ ሼ0ሽ ൈ ሼ1ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺH ൈ ሼ1ሽ ൈ
ሼ0ሽ ൈ ሼ1ሽ ൈ ሼ1ሽሻ.  
 
The flat Hᇱ constructed as above is a coset of subspace  
Hଵᇱ ൌ ሺHଵ ൈ ሼ1ሽ ൈ ሼ0ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺHଵ ൈ ሼ0ሽ ൈ ሼ1ሽ ൈ
ሼ1ሽ ൈ ሼ1ሽሻ ∪ ሺHଵ ൈ ሼ0ሽ ൈ ሼ1ሽ ൈ ሼ0ሽ ൈ ሼ0ሽሻ ∪ ሺHଵ ൈ ሼ1ሽ ൈ
ሼ0ሽ ൈ ሼ1ሽ ൈ ሼ1ሽሻ.  
 
As above we check that  

 
gሺx, 1,0,0,0ሻ ൌ fଶሺxሻ ൌ 〈ζ, x〉 ൅ e. 
  
gሺx, 0,1,1,1ሻ ൌ fଶሺxሻ ൅ 1 ൌ 〈ζ, x〉 ൅ e ൅ 1. 
  
gሺx, 0,1,0,0ሻ ൌ fଶሺxሻ ൌ 〈ζ, x〉 ൅ e. 
  
gሺx, 1,0,1,1ሻ ൌ fଶሺxሻ ൅ 1 ൌ 〈ζ, x〉 ൅ e ൅ 1. 
 
Therefore  

gሺx, yଵ, yଶ, yଷ, yସሻ ൌ 〈ζ, x〉 ൅ e ൅ yଷ 
 
for all ሺx, yଵ, yଶ, yଷ, yସሻ ∈ Hᇱ.  
 
Thus g is weakly ሺk ൅ 2ሻ-normal.  

CONCLUSION 

  In this paper we present a secondary construction of 
non-nomal Boolean functions. This result is extension of 
the result presented in [10]. We demonstrate the technique 
used in [10] to construct secondary construction of 
non-weakly ሺk ൅ 2ሻ- normal Boolean function on ሺn ൅ 4ሻ 
variables.  
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